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ABSTRACT: In this paper we reformulate the Yang-Mills field using fractional calculus with left-right Riemann-Liouville
fractional derivatives. Yang-Mills field is also rewritten using the technique of fractional variation principle. Euler-Lagrange
equations and Hamiltonian equations of Yang-Mills field are then determined by the two definitions: fractional calculus and
variation principle. It is found that the classical results are obtained as a particular case of the fractional formulation for

Euler-Lagrange and Hamiltonian equations.

Keywords: Yang-Mills Field; Fractional Derivatives; Fractional Euler-Lagrange Equation; Lagrangian and Hamiltonian Formulations.

1. INTRODUCTION

Fractional Calculus is a field of applied mathematics that
deals with derivatives and integrals of arbitrary orders
(including complex orders), and their applications in science,
engineering, mathematics, economics, and other fields are
based on replacing the time derivative in an evolution
equation with a derivative of fractional order [1, 2, 3, 4, 5, 6,
7, 8, 9]. The results of several recent researchers confirm that
fractional derivatives seem to arise for important
mathematical reasons.

The fractional variational principle represents an important
part of fractional calculus. Riewe developed fractional
Lagrangian, fractional Hamiltonian, and fractional mechanics
[10,11]. He has shown that Lagrangian with fractional
derivative lead directly to equations of motion with non-
conservative classical forces such as friction. Agrawal [12,
13] has presented Euler-Lagrange equations  for
unconstrained and constrained fractional variational problems
and he developed a formulation of Euler-Lagrange equations
for continuous systems, he also presented the transversality
condition for fractional variational problems. Baleanu et al
[14,15,16,17] developed fractional Lagrangian and
Hamiltonian of mechanical and field systems. They
investigated Euler-Lagrange equations and the fractional
Hamilton equations corresponding to a fractional
generalization of the equivalent Lagrangians. Rabei et al [18]
investigated the classical field with fractional derivatives
using the Hamiltonian formalism for discrete and continuous
systems.

As a new application, in this paper we reformulate the Yang-
Mills Lagrangian density in fractional form in terms of the
Riemann—Liouville fractional derivative and obtain the
equations of motion and compare them with the Hamilton's
equations of motion in fractional form. It is well known that
the Yang-Mills Lagrangian density is a scalar function that
describes all the mass and energy interaction per unit volume.
It also describes the charge of the particle or particles and the
electromagnetic interacting charges with the field.

In the following, mathematical tools are briefly reviewed.
Then in Sec. 3 we present a new fractional Yang-Mills
Lagrangian density. Then using the fractional Euler-Lagrange
equations we obtain fractional Yang-Mills equations. After
that we construct the fractional Hamiltonian equations within
Riemann — Liouville fractional derivative from fractional
Yang-Mills Lagrangian density. At last, in Sec. 4, we will
present some conclusions.

2. Mathematical Tools
Here we give the standard definitions of left and right
Riemann-Liouville fractional derivatives and Caputo
fractional derivatives.
The left Riemann-Liouvilla fractional derivative, which is
denoted by LRLFD, reads as [19]

n
DEFO) === (5) [iE= 9t f(dr (1)
And the form of right Riemann-Liouville fractional
derivative, which is denoted by RRLFD, is given below

n
DEFO) = o (35) [fe— ot f(dr ()
Here a is the order of derivative such that (n-1<a<n) and is
not equal zero. If o is and integer, these derivatives become
the usual derivatives.

DEFO = (D) f @) 3)
DEFO=(22)"F®)  1o=1,2.3.. ).

The left Caputo fractional derivative which is denoted by
LCFD reads as [13]

D) = [t — 9" (L) f@®)dr  (5)

t¥a Mn-a) Ya dt

And right Caputo fractional derivatives which is denoted by
RCFD reads as

cp« —_1 b n-a-1 a\"

DEF() = = [t — 9" (- 5) f(Ddr ()

Here (I') represents the gamma function. The Riemann-
Liouville derivative of constant is not zero, although Caputo
derivative of a constant is zero.

3. 3. Fractional Treatment

3.1 Fractional Yang-Mills Lagrangian Density

The concept of Lagrangian density is defined as the Kinetic
energy per unit volume minus the potential energy per unit
volume. The usual Lagrangian of the system equals the
Lagrangian density integrated over the whole volume of the
system.

The Lagrangian density for Yang-Mills field must be a scalar
invariant constructed from the field tensor, the four vectors,
and the currents. This means that all scalar products must be
constructed from two quantities.

1 _ _
L=— Z gMgvﬂF/wg”“g”F‘m + iy*¥o, ¥ —eytA, WY -

myPy (7
To rewrite the Yang -Mills Lagrangian density in Riemann —
Liouville fractional form use these relations
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E = ( DE A, ~ angA#) @) 3.2 Fractional Euler — Lagrange Equation for Yang-Mills
v _ o v « Lagrangian Density
FH? = (,D%AY — D% AM) 9)

” a @ rv a . Consider the action function of the form
FuF" = 2[,Dg A, oD&MA” = oD, A, D%AX|  (10)

Where F,,, or F*”is a four dimension antisymmetric

u i=[L(%¥Yx),% 4,,,DF ¥ .D! ¥, DI A
second rank tensor, u =0,i;i=123and v=0, j;j= i=1 ( ) HraTxp TraTxp Ty avxp “)
1,2,3.

Then the fractional Yang -Mills Lagrangian density d*xdt =0 (15)
become s
(D 47)(aDFAT) = (DEA;) (uDy8) + 8=/ sL( ™), ¥, 4,,.D) ¥,.DL ¥, DY 4,)
1 .
L= ——[(aD%40) (aDyido) — (DX A0) (DFAD + | +

(aDFA4)) (D5iA7) = (aDF A7) (D AY) d3xdt =0 (16)
[ iV°PDFY
| +iy'®,pey | or
| vy - | 4 oL aL aL
leyiAiT\?_mT\?J a—l[/6yj+ﬁ6q’+ aT(SAH

u
JL
Use these relativistic notations + m 5 (x,,DZAu )
A% = @,A) xpPatlu
A=((® —%) 67]“6(0%4)+
a a’ . . a Dy A a Xp u

0y = an,,_ = (aD¢ 'an]-) (a *p M)

0% =, ,‘:ﬂ = (aDta'_aD;:j) dL 6( DY yj) +
Thus, the fractional Yang-Mills Lagrangian density in terms 5j = f { 6( DY *P) Xp~a Vd%x =0
of the Riemann — Liouville fractional derivative becomes: "Pa;

—oD{ AT DEAT + (DA D0 3 (aDL,P) +
L=- % _aDZiQ)ani@ + aniQ)aDiaAi ++ 9 (anp\P)

a j a j a j a [
' | aniA]aniA] - aniA]anjAl JL 5 (X DZ\?)

[ iy ¥ DE W ] 2 (x,DL®) 7
|+ iy'¥,DE ¥ iL .
| —ey' AP | (12) + (ol 7) 5 (aDY, ¥)
l—eyoq)?"}’—m?"}’ | a™xp
Similarly, we can use the left Caputo fractional derivative 17)

LCFD definition to rewrite the fractional Yang-Mills Using
Lagrangian density, where the stress tensor takes the formin  § (aD;p sv) = aD}C’pay/ and 6 (aD}C’p\TJ) = aD}C’p(s\?

LCFD:
Y — Y 14 — 14
B = (DA, — uD,A,) 5 (DY, Ay ) = oD 84, and & (DY ¥) =, Dl 5%
Fuv = (ED;Z#AV - gD;CIvA,'L)
Yg) — Y S Y — Y
Fyo ¥ = 2| £DE, A, ED%AY — 6D 4, SD%AY] 5 (x,DYF) = ,,,DY6F and & (DL A, ) = »,DL64,
(13)
L= We obtain
— eDfA) EDFA) + GDEAT SDY;0
—1|- $D%0 DS + EDSO SDFA+| +
GDGAT EDLAT — DA DY AT
[ %Dy
+iy' P ofy |
e ”

[ —ey4; Y'Y
—ey°P¥Y —m¥PY
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éj =
= 6 v+ = 6‘1’ + )
oL 6L Yy
OAH SA# + A aDZﬂ%“DxP(ST
fourthhhh
aL
a(xngAu)
sixthh

D) §¥

a(4DY V ‘P) azxp

oL
R B
3 x,D5 )
fifth
oL
REPYRRY
3( x, D)

D! 4,

axp

DLs ¥+

R b d*x

ﬂDﬂ(S‘{’ +

seventhh eighhthh

dL

s
Sl oDabA

ninthh

(18)

Integrating (fourth, fifth, sixth, seventh, eighth, ninth) terms
by parts give

6] =
oL _ pr _ 0oL _ pp_ 9oL
o7~ Px o) T A olv) Jov
+
oL y oL p__ oL 4
RRER o 3(aoL, ) XﬂDaawf\v)] Wt
+
a_L _ Yy aL _ Y JaL 6A
a4,  *%p 6(aD}ClpAP_) a=xp a(aD}C’pA,L) u
=0 (19)
Where
Db =—aDi, DY, = —x,D} (20)
So
6] =
oL g oL y oL ]
=+ + §¥ +
av ' *p “a(apfpyf) 7% 9( 00 ¥)
oL g oL ¥ oL = 4
—+ D —+ ,D Y + pd*x
/ 0% *PTCg(p) W) T a(xpn}l’\y]
aL B daL Y
— Dy ———F——=+ 4D
T R T Am]
= (21)
This lead to Euler — Lagrange equations
aL s oL y oL
atp+ xpa 6(aD£p %’) + anp a(xpDZ y/) (22)
6_L B JL Y JL —
2% T % Co(ary, ) TP 04,00 %) 0 (23)
aL p oL Yy JL —
04, txpla a(apfp Ay) t oDy, (x,Dg Aw) (24)
oL B oL y oL )
a0 T % “a(q0%,0) talx, 3(x,0}0) =0 (25)

Note that for fractional calculus of variation problems, the
resulting Euler — Lagrange equation contains both the

LRLFD and RRLFD.
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Fora=p =1 ,wehave ,Dy =3, ,,D =—6H and the
equations (22- 25) reduce to standard Euler — Lagrange
equations.

oL oL
av  Yoa(a,y) 0 (26)

oL oL

a%  "703(a,¥) 0 @7)

aL oL

aak "V a(avamy 0 (28)

Let us start with the definition of fractional Yang-Mills
Lagrangian density and use the generalization formula of
Euler — Lagrange equation to obtain the equations of motion
from Yang-Mills Lagrangian density.
[—oDEAT DEAT + ,DEAT D% ;0
L=—>|- D0, D50 + D% DEA + |+
D5 DYA = (D5iAT DA
iy° ¥ DIV
+iy' ¥, DE ¥

—ey%p¥Y |
—eylA; PP —mwPY |

(29)

For adjoint field (¥, ¥, A, ) equations of motion become

oL 4 -
av +alr 5y =0 (30)
(189 Y oL _
6'[/+ a xp a(aDJ}(/ 7’) 0 (31)
JaL y gL
oa, + oDy, 557 5 0 (32)
oL y oL
a0 " 0 o(,0f 0) 0 33
So equations of motion become
2=+ D] +,D0 2% =
t%a3(, Dl’xp) xj 5(,10;/.‘7’)
(34)
a_L_ % JaL _ y dL =0
a¥ 2Tt g(pfw) @ Xja(aDVq,)_
xj
y__ oL  _
(35+ Dk G DW) + x;Da (ol )~ 0
xj
(35)
i_ 1% JaL _ 1% oL _ 0
o~ 7t a0l ) (ol v)
xj
And
dL oL 14 oL _
(aA +eDi 9(aD{ Ap) * xDa a(aD}(’_A#> =0
]
(36)

I
oL % daL

oL y__ 9% _ % =0
o4, Pt a(epfay) ¢ xja(aD;/]-Au>
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i Y oL Y oL —
(aw *¢Da ooy * xDa a(anljw) 0
@37)
dL Y oL Y oL =0

5o~ <P 5ol0) ~ < 3ol )

And differentiating Yang- Mills Lagrangian density with
respect to the adjoint fields (¥ , ¥, 4, ) we obtain

L= iy DEY + iy DE¥—ey'a; P
—ey'9¥P — mY¥Y (38)

I _ _ eyl ¥ —ey'd¥ —m¥ (39)

aw

L )iy

YV ey'¥v¥Y (40)

O )0 yP

20 = e vy (41)

oL

aat (42)

And differentiating the Yang-Mills Lagrangian density with
respect to the time derivative fields (,Df ¥, .Df %, .D{ A,)
we obtain

oL . og
I R A

(43)

oL
(oDfF)
_o  _ _1(pa
a(,pEat) — 2 (an‘Q))

oL 1 P
stoiar) = 3 (2aPFA’ = Djid)

(46)
JL
owyo) = ° “n
The differential Yang-Mills Lagrangian density with respect

to the space derivative field (aD,‘g‘j v, aD,‘j‘j‘T’, aD;j A, ), gives:

(44)
(45)

oL T
—— = iy'¥ (48)
a(ai}c’j v)
L
———— =0 (49)
a(an}éj\y)
o __1 aqj
T 0
oL 1 ; ;
Ty~ 2 (D = DA (51)
o _1 ;
W =5 (=2,D50 — (DffA) (52)

Substituting equations (38, 44, and 49) in equation (34) we
get

[iyo DEY + iy DEY—ey' A Y —ey's¥ —my

=0
Or

(53)
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[iv# DSu ¥ —ey*A, ¥ —m¥| =0 (54)
And substituting equations (39, 43, 48) in equation (36) we
get
[—ev'A; ¥ — ey’ ¥ + iyiijZ\T’ +iy°: Dy ¥—m Y]
=0 (55)
Or
[iy”xﬂDZ\T’ +ey’A, ¥ +m \T’] =0 (56)
And substituting equations (40, 41, 42, 45, 46, 47, 50, 51, 52)
in equations (36) and (37) we get
. p— 1 1 .
[—er! % —2 D¢ (D50) — 2 DY, (2408 AT - WD) —
1 . 1 . .
EaD;/j( aDziA]) - E aD;i(aDiiA] - aD;:}'AL) +
1 .
3Dl (D50 — DEAY | =0 (57)
Or

ley* #P+4Dg, (D5, A" - oD, A*) [ =0 (58)

For o =1, we have ,Djx = 9, the equations (54, 56, and 58)

then reduce to standard Euler — Lagrange equations:
[iy# DSV —ey“A, ¥ —m¥| =0
Or
iy 52 ¥ — ey a, ¥ —m¥] =0
And
[iy”ij}{‘T’ +ey A, ¥ +m ‘T’] =0
Or
[iy”L‘T’ +ey#A, P + m‘T’] =0

oxH H
And
ley# ¥ P+,Dg, (oDE,A” - DEAM) | =0
Or
[0,F, + ey"¥PP] =0
3.3 Fractional Hamiltonian Formulation
To construct the fractional Hamiltonian equation within
Riemann — Liouville fractional derivative from fractional
Yang-Mills Lagrangian density, we consider the Lagrangian
depending on fractional time derivatives of coordinates in the
form:
L=L(¥,DEY, D ¥, P, DEY, DEP, B, AL A
’ aDgAj' aDLExAi’ aDEIQ)I aD;cliAj' aD;:in' aD::iQ) ' t)

(59)

The Hamiltonian depending on the fractional time derivatives
reads as

H=n,DF ¥+ T, DFYP + T, DEA  + Ta 7DEAT -

July-Augus



Sci.Int.(Lahore),28(4),3257-3263, 2016
L(¥, DIV, oD W, oDEY, DL, 0,A%, AV, [DEA,

aDgAiv aDg@ ’ aDgL-Aj' aD::]'Aii aD;:iQ) ) t) (60)
Where

H=H (n, ¥7, 7, DL, aD,‘;‘}.‘T’,Q),Ai VALt Ta

, T[aAl., aD;:iQ, aD;:iA], aD:ijAl) (61)

Thus, the total differential of Hamiltonian function reads as:
dH

a—Hdﬁv+a—Hdn+67Hd( D& yf)
¥ on 6(aD£ch[/) i

+6—de\? +6—Hdﬁ +—aH d( D“.‘T’)
0¥ o g (gw)

dm, .+ 6—H dm, . + a—H dA’
" @pi anaAl. “al "~ 9AJ

= Lo dAl+a—Hd(?)+a—dt+
6A‘ a9

d(,D50) + ——o—

0H

3(D50)

0H

———d( D% A
+ a(aD;Cz]Al) (a xJ )

(62)
And

dH =

nd(,DE ) + DE V() + 7d(,DETD)
+DEPA(T) + dm, (DEA) + 11, d(DEAT)
oL .
" aor ) A apEan
daL
~ 0(uD0)
JL JL oL

- y———d(,D%
atd asvd a(aDgfav)d(“fyj)

d(DfAT)

d(DfP)+m, (d(DFA) + dmy | (DFAT)

o
2 (aDg %)

a (g %) _j_;d@_"’_L_)d(aD;;@)

0 (aDg ¥

) oL
d(DEP) — 55 dA) — =

GDET) d

~ a(,D%AY) D“Al) d(aDy4 )__d(b
oL

— ———d(,D%A’
(o5 P ) -

TCORGD

(63)

After substituting the values of conjugate momenta in
equation (63) and then comparing equation (62) with
equation (63) we get the following Hamilton's equation of
motion:
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(65)

(66)

(67)

(68)
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oH dL
at ot
oH iy
< t
anaA].
Mg DEA/
\
L )’
o(apfi0)  3(apfi0)
oH oL
a j a j
] a(an%4)) 3(aD%47)
H oL
o(anjal) — 0(apj47)
o _ _pa_9 _ pa_ 9L
- 2
ap t%b a(,pgg) x17D 3(a0%0)
OH _ _pa_ 0L __ pa_ 0L _
oal — THUb g(enfal) T XD 5,
X
OH _ _pa_ 0 _ pa_ 0L
.= . ; -
ol = 770 a(ogan) ~ #7005 al)
OH _ _ pa_ 9L _ pa_ 0L
oy a”t g(ofyy AT a(aufc‘jsv)
0H _ o 0L
Y a
o(ap; ¥)
oH
I Di'p
OH _ _ g 0L pg 0L
v a”t 9(pfP) AT a(anjjj@)
oH oL
v = % Dp (oo 7)
a Xj
oH
= DY
As an example consider the Yang-Mills Lagrangian vector
density
. . o
_aDtaA]aDtaA] + athAJanjo

—>|-aD%BD%D + DEBDEA +| +
oD$iAT DS AT — (D%AT DA

But the Euler — Lagrange equation is

oL

av

Or
oL

Y28
And

[ iv°P.DEY

| +iy'®,Dey

| —ey%¢¥Y —
leyiAi vy — m‘[/‘T’J

1
I

« oL _ 0
@7 0(aDY, )
JaL
aDE + D
£ o(aDfV) Dé’?’) “7 9( a0, ¥)

(69)

(70)

(71)
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aL aL iltoni
o — WDE, o7 =0 (72) So the Hamiltonian be_comesi
or X H=n,DE ¥+ 7T, DY + 4 ,DFA;
o _ pa_0O . pa_ 0L (73) TeDEATGDEAT + DEA WD
ow “Tt a(eDFF) | *TN a(uDE,¥) +% -aD%:i9.D0 + aD,fi@aDExAi +
And . oD%AT (D% AT — D% AT D% A
E_ axy a(aD;](/,,_ A =0 (74) i]/o YjaDL? rd
aL _  q 0L @ aL _ +iy'¥P, DL ¥
— = ,Df =+ .Dy. = =0 (75) arx
94, @7t a(eDfA) AT 9(aDx;AR) — | —ey'p PP — | (83)
| eylA; Y — m‘l"T’J
So Euler — Lagrange equations become Now the equations of motion are given by
—ey'9V —ey'4; ¥ —mVY - OH _ _ pa_ 0L g 0L
AE S I R e R R
f)
r 0H aL
e o =y D (84
|iv# s, DL T + ey A, ¥ +m P =0 (76) (a2, ¥)
And ' g_: = aDta ¥
iy? JDEY + iy  DEYW —ey®y So
' ' = (77) oH oL oL
—ey'A; ¥ —mY¥ — = —_D¥ — D& (85)
or v a(aDYW) 1 0(aDE¥)
[iy# D& ¥ — ey*A,¥ —m H=0 (78) —ey°¢¥ —ey'A; ¥ —m¥ = — Df Df ¥~ anganj 4
And (86)
[ —ey PP — eyl PP —%aD;"(aD;’i@) 1 —ey’¢p P —eyid; ¥ —m¥P = + DF, P + D% ¥
1 v apeal . e _ @)
2 aD xj(ZaD 4 “Dxlqj) 0 So the Euler —Lagrange equation becomes
1y a 4j 1 y a 4j a gi . — _ _
—2aD);(D%A)) =5 oD!i(D5AT — (DAY) [lyﬂijZ P+ eyhd, T +m ‘11] =0 (88)
(79) And
Or (a_Hz_aaL_aaL
[iey# ¥ P+,Dg, (oDE,A" - oDE,AM) | =0 (80) | v ¢ "o ®) TN 0(aby, )
As a = 1 we obtain the following equations { oH « 0L S
 f OH _ _ pa_ 0L : 89
(ey A, + m+iy*9,)¥ =0 ov = Do o(a, @)d(“DX‘LP) (89)
(iy”@u —ey"A, — m) =0 Ia_H — pay
[0,F,, + ey*¥P] =0 S ‘
Now the fractional Hamilton’s equation of motion is given 0 na i o 0
by <l]/ oDEFH+ iy DY P —ey ¢‘1’) “o (90)
H=n DE W+ 7 DI + 14 DEA, — L (81) —ey' A ¥ —m¥
By substituting the conjugate fields in fractional form we get So the Euler —Lagrange equation becomes
oL [iy”aD};j ¥—eytA, ¥ — m’!ﬂ =0 (91)
n=——-
0(oDf )
T = a—L B_H - —. D 6—L — .D< 871'
PaPED 00— 7P a(apf0) X0 5(,0%0)
e R — OH _ g 3L g OL
9(aDF'4) o o a4l — b 5(gngal)  x'Ub o p%al) %2)
Where the Lagrangian density in fractional form is given by o oL oL
_— - a____ - : a___ -
L= ; ; ; \oa7 = D a(apfal)  xP o( % a))
— DFAT DEAT + DEAT D0 So ¥
—2|-aD%BaDEB + DEBDEA + |+ X ey
a j a i a i a [ — .
anl-AJ(?DxiAJ — D%AT DA —ey® ¥ = D [_%(o)] + oD% [—%(ZQD;XAL _
[ iy°PDEY ] "
| iy T0ry | 2:000)]  (99)
| —eprgrr— | 62
—ey gFY - (62 And
ley‘Ai‘I"P—m‘I"PJ O _ _pa_9 __ pa_ 0L
o4t~ TP (Al xP o pgal)
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—ey' ¥F = oD [~ 3 (D50)| + oD% -5 (—aD%A")]

(94)
And
oH « 0L « 0L
o4l ~ Tt7b o(ppfal) %P 5( %))
0= %[—ZQD;" DEA + (DE D%92,D% DGAT —
2,D%DGAT  (95)

DE(DED + (DFAT) +
aDgi(aD::iAj - aDZ]'Ai)
So the Euler —Lagrange equation becomes

[ iey* ¥ P+aDg, (D5, A" - D A*) | =0

(96)

—ey' VY — eyl PV =

As a =1 we obtain the equations of motion
(ey*A, + m+iy*#a,)? =0
(iy*9, — ey*4, —m)¥=0

[0,F + ey*¥P] =0

4, CONCLUSION

The Yang-Mills field is reformulated using fractional
calculus with left-right Riemann-Liouville fractional
derivatives. Both fractional Euler-Lagrange equations and
fractional Hamiltonian equations give the same results in the
two procedures used in this paper for Yang-Mills Lagrangian
density. The classical results are obtained as a particular case
of fractional formulation.
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